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Isoperimetric Inequality along the Twisted Ka¨hler-Ricci Flow
Shouwen Fang1, Tao Zheng2
Abstract. We prove a uniform isoperimetric inequality for all time along the twisted Ka¨hler-Ricci
flow on Fano manifolds.
1. Introduction
The classical isoperimetric inequality states that for Borel set Ω ∈ Rn(n ≥ 2) with finite Lebesgue
measure |Ω|, the ball with the same measure has a lower perimeter, that is,
(1.1) P (Ω) ≥ nω
1
n
n |Ω|n−1n ,
where P (Ω) is the distributional perimeter of Ω which coincides with the classical n−1-dimensional
area of ∂Ω if Ω has smooth boundary and ωn is the volume of unit ball in R
n. It is also well-
known that equality holds in (1.1) if and only if Ω is a ball B in Rn. De Giorgi [17](see also [18]
for English version) proved ((1.1)) for the first time in the general framework of sets with finite
perimeter. One can find various kinds of proofs and different formulations of the isoperimetric
inequality in [1, 3, 5, 14, 22, 27] and references therein.
In the case of geometric flows, Hamilton [20] obtained an isoperimetric estimate for the Ricci
flow on the two sphere. For complex 2-dimensional Ka¨hler-Ricci flow, Chen and Wang [6] proved
that the isoperimetric constant for (M, g(t)) is bounded from below by a uniform constant. Here
g(t) is the solution of the Ka¨hler-Ricci flow (see (1.2) with θij ≡ 0). Later, Tian and Zhang [28]
proved that, for all complex n-dimensional Ka¨hler-Ricci flow on Fano manifolds, the isoperimetric
constant for (M, g(t)) is also bounded from below by a uniform constant.
In this paper, we obtain a uniform estimate of lower bound on isoperimetric constant along
the twisted Ka¨hler-Ricci flow on Fano manifolds. To be precise, we need some notations and
definitions. Let M be a real n(= 2m) dimensional Fano manifold with Ka¨hler form ω0 associated
to the Ka¨hler metric g0. We consider the twisted Ka¨hler-Ricci flow (see [10, 21, 33] and the
references therein)
(1.2)
{
∂
∂t
gij(x, t) = −Rij(x, t) + θij(x) + gij(x, t),
gij(x, 0) = (g0)ij(x),
where θ is a closed semi-positive (1, 1) form and
[2πc1(M)] = [ω(x, t) + θ].
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Here ω(x, t) =
√−1gij(x, t)dzi ∧ dzj associated to the Ka¨hler metric g(x, t). For convenience, we
denote
Sij(x, t) = Rij(x, t)− θij(x)
and
S(x, t) = 2
m∑
i,j=1
gji(x, t)Sij(x, t).
We know that
Proposition 1.1. For the twisted Ka¨hler-Ricci flow (1.2) on Fano manifolds, there exist uniform
positive constants C, κ and CS such that
(a) |S(x, t)| ≤ C,
(b) |diam(M, g(t))| ≤ C,
(c) ‖h‖C1 ≤ C, where from ∂∂-lemma, h ∈ C∞(M, R) satisfies
(1.3) Sij − gij = ∂i∂jh,
(d) Volg(t)(B(x, r, t)) ≥ κrn, for any t > 0 and r ∈ (0, diam(M, g(t))),
(e) Volg(t)(B(x, r, t)) ≤ κ−1rn, for any t > 0 and r > 0,
(f) for any f ∈W 1,2(M),(∫
M
|f | 2nn−2dµ(t)
)n−2
n
≤ CS
(∫
M
[|∇f |2g(t) + f2]dµ(t)
)
.
Here and henceforth, by a uniform constant we mean a constant depending only on the initial
data on M . Items (a)-(d) in Proposition 1.1 can be founded in [10, 21] and items (e)-(f) in
Proposition 1.1 can be founded in [12]. Since the volume of (M, g(t)) is a constant, from item (e)
in Proposition 1.1, there exists a uniform constant β > 0 such that
diam(M, g(t)) > β.
In the case of Ka¨hler-Ricci flow, i.e., θij ≡ 0, Items (a)-(d) in Proposition 1.1 is due to Perelman
(See [25]). Item (e) in Proposition 1.1 belongs to [7, 32] and Item (f) was established by [29, 30]
(see also [31]).
As a consequence of Proposition 1.1, we can deduce our main theorem as follows.
Theorem 1.2. For the twisted Ka¨hler-Ricci flow (1.2) on Fano manifolds, for any u ∈ C∞(M, R),
there holds the isoperimetric inequality
‖f(x)− fM‖
L
n
n−1 (M)
≤ CI‖∇f‖L1(M), f ∈ C∞(M, R),
where CI > 0 is a uniform constant.
From Theorem 1.2, we can get a uniform lower bound for the isoperimetric constant in (M, g(t))
as follows. There holds
I(M, g(t)) := inf
V⊂M
Areag(t)(∂V )[
min
{
Volg(t)(V ), Volg(t)(M − V )
}]n−1
n
≥ δ,
where V is a subdomain of M such that ∂V is an n− 1 dimensional submanifold of M , and δ is
a positive constant depending only on initial metric g0. A proof can be found in [8, Section 5.1].
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In the case of Ka¨hler-Ricci flow, the theorem and the isoperimetric inequality above were obtained
by Tian and Zhang [28].
Acknowledgements This work was carried out while the authors were visiting Mathematics
Department at Northwestern University. We would like to thank Professor Valentino Tosatti
and Professor Ben Weinkove for hospitality and helpful discussions. We also thank Professor Qi
S. Zhang for offering us more details about heat kernel and Wenshuai Jiang for some helpful
conversations. The authors are also grateful to the anonymous referees and the editor for their
careful reading and helpful suggestions which greatly improved the paper.
2. The uniform Poincare´ inequality along the twisted Ka¨hler-Ricci flow
In this section, we will use the estimate of the first non-zero eigenvalue of self-adjoint elliptic
operator
(2.1) ∆hf = ∂
∗
∂f −
m∑
i=1
∇if∇ih, ∀ f ∈ C∞(M, C),
where h is defined in (1.3) and ∂
∗
is the conjugated operator of ∂ with respect to g(t), in order
to get the uniform Poincare´ inequality along the twisted Ka¨hler-Ricci flow (1.2).
Lemma 2.1. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
for any f ∈ C∞(M, R), there holds the uniform Poincare´ inequality
(2.2)
∫
M
(
f − 1
Volg(t)(M)
∫
M
fdµ(t)
)2
dµ(t) ≤ C
∫
M
|∇f |2g(t)dµ(t),
with a uniform constant C.
Proof. Let λ1 be the first non-zero eigenvalue of ∆h defined as in (2.1). Then for any ϕ ∈
C∞(M, R) with
∫
M
ϕehdµ(t) = 0, from [15, Theorem 2.3.4], we get
λ1
∫
M
|∂ϕ|2g(t)ehdµ(t) =
∫
M
m∑
i,j=1
(
Rji(g(t))∇jϕ∇iϕ−∇i∇jh∇jϕ∇iϕ+∇i∇jϕ∇i∇jϕ
)
ehdµ(t)
=
∫
M

|∂ϕ|2g(t) +
m∑
i,j=1
θji∇jϕ∇iϕ+
m∑
i,j=1
∇i∇jϕ∇i∇jϕ

 ehdµ(t),
where for second equality we use (1.3). This implies λ1 ≥ 1. Hence, for any ϕ ∈ C∞(M, R) with∫
M
ϕehdµ(t) = 0, it follows
(2.3)
∫
M
ϕ2ehdµ(t) ≤
∫
M
|∂ϕ|2g(t)ehdµ(t).
Now for any ψ ∈ C∞(M, R) with ∫
M
ψdµ(t) = 0, from (2.3), it follows
(2.4)
∫
M
(
ψ −
∫
M
ψehdµ(t)∫
M
ehdµ(t)
)2
ehdµ(t) ≤
∫
M
|∂ψ|2g(t)ehdµ(t).
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By Item (c) of Proposition 1.1 and (2.4), there exists a uniform constant C such that
C
∫
M
|∂ψ|2g(t)dµ(t) ≥
∫
M
|∂ψ|2g(t)ehdµ(t)
≥
∫
M
(
ψ −
∫
M
ψehdµ(t)∫
M
ehdµ(t)
)2
ehdµ(t)
≥C−1
∫
M
(
ψ −
∫
M
ψehdµ(t)∫
M
ehdµ(t)
)2
dµ(t)
=C−1

∫
M
ψ2dµ(t) +
[∫
M
ψehdµ(t)∫
M
ehdµ(t)
]2
Volg(t)(M)


≥C−1
∫
M
ψ2dµ(t),
which implies the Poincare´ inequality (2.2). 
Letting θij = 0, we get the uniform Poincare´ inequality along the Ka¨hler-Ricci flow which was
obtained by Tian and Zhang [28] using the estimates of heat kernel.
3. The uniform gradient estimates along the twisted Ka¨hler-Ricci flow
By Proposition 1.1 and the uniform Poincare´ inequality (2.2), we can prove the isoperimetric
inequality. Since the argument is for every fixed time t, for convenience, in the following we will
omit the time t in all the quantities such as distance, diameter, norm of the gradient, Laplacian,
volume element, etc. Hence our arguments are the same as the ones in the Riemannian case
formally. The following lemma is essentially due to Tian and Zheng [28].
Lemma 3.1. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
(a) for smooth harmonic function u in B(x0, r) with r ≤ diam(M), we have
(3.1) sup
x∈B(x0, r2 )
|∇u(x)| ≤ C 1
r
(
1
rn
∫
B(x0, r)
u2dµ
)1
2
,
where C is a uniform constant.
(b) for a non-negative smooth funtion u on M × [0, ∞) satisfying
(3.2) ∂su−∆u = 0,
we have
(3.3) |∇u(x, s)| ≤ C√
ηs˜
(
1
(ηs˜)
n+2
2
∫ s
s−ηs˜
∫
B(x,
√
ηs˜)
u2dµdv
)1
2
where 0 < η ≤ 1 is a parameter, s˜ = min{s, diam(M)2} and C is a unform constant.
We also need the following lemma whose proof is the same as the ones in Grigor’yan [19] and
Saloff-Coste [23].
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Lemma 3.2. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞).
Assume that u is a smooth harmonic function in B(x0, r) where x0 ∈ M, r ∈ (0, diam(M)].
There exists a positive constant C1 = C1(CS , p) such that
(3.4) sup
x∈B(x0, σr)
|u(x)| ≤ C1
(
1 +
1
(µ− σ)2r2
) n
2p
(∫
B(x0, µr)
updµ
) 1
p
,
where 0 < p < +∞ and 0 < σ < µ ≤ 1.
In addition, denote s˜ = min{s, diam(M)2} and
Qδ = B
(
x0, δ
√
ηs˜
)
× [s− δηs˜, s] , Q = B
(
x0,
√
ηs˜
)
× [s− ηs˜, s] .
If u is a solution of heat equation (3.2) in the space time cube M× [0, +∞), then given 0 < δ < 1,
there holds
(3.5) sup
(x,v)∈Qδ
|u(x, v)|p ≤ C2(1− δ)−(n+2)(ηs˜)−
n+2
2 (1 + ηs˜)
n+2
2
∫
Q
[u(·, ν)]pdµdν,
where C2 depends on CS and p with 0 < p < +∞ and 0 < η ≤ 1 is a parameter.
Denote by H(x, y, s) the heat kernel of heat equation (3.2). We have the following estimates for
the heat kernel.
Lemma 3.3. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
we have
(3.6) H(x, y, s) ≤ C1
(
1 +
[dist(x, y)]2
s
)n
2
s˜−
n
2 e−
[dist(x, y)]2
4s
and
(3.7) |∇xH(x, y, s)| ≤ C2
(
1 +
[dist(x, y)]2
s
)n+1
2
s˜−
n+1
2 e−
[dist(x, y)]2
4s ,
where s˜ = min{s, diam(M)2}, C1 is a uniform constant.
Proof. Fix λ ∈ R and a bounded function ψ satisfying |∇ψ| ≤ 1. For any nice complex function
f , set fz(y) = e
λψ(y)
[
ez∆(e−λψf)
]
(y) for z = se
√−1θ > 0, s > 0, |θ| ≤ 12ε, where 0 < ε ≪ 1 is a
small parameter. Saloff-Coste [24] proved
(3.8) ‖fz‖22 ≤ e2λ
2(1+ε)s‖f‖22.
Introduce function
u(y, s) = e−λψ(y)fs(y) =
[
es∆(e−λψf)
]
(y),
where f ∈ L2(M) is a real function. The function u satisfies the heat equation (3.2).
Thus, from (3.5), we have
|u(x, s)|2 ≤ C(1 + ηs˜)n+22 (ηs˜)−n+22
∫ s
s−ηs˜
∫
B(x,
√
ηs˜)
|u(z, ν)|2dµdν.(3.9)
Here for later use, we take 0 < η ≪ 1 determined later.
Multiplying both sides of (3.9) by e2λψ(x), from (3.8), we get
e2λψ(x)|u(x, s)|2 ≤ C(1 + ηs˜)n+22 (ηs˜)−n2 e2|λ|
√
ηs˜+2λ2(1+ε)s‖f‖2L2(M).(3.10)
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Take cut-off function ϕ(z) such that ϕ(z) = 1 on B(y,
√
ηs˜) and ϕ(z) = 0 onM−B(y, (1+ǫ)√ηs˜),
where 0 < ǫ≪ 1 small enough. Choosing
f(z) =
ϕ(z)H(x, z, s)
‖ϕ(z)H(x, z, s)‖L2(M)
,
we obtain
(3.11)
eλ(ψ(x)−ψ(y))
∫
M
e2|λ|
√
ηs˜+λ(ψ(y)−ψ(z))H(x, z, s)
ϕ(z)H(x, z, s)
‖ϕ(z)H(x, z, s)‖L2 (M)
dµ(z)
≥eλ(ψ(x)−ψ(y))
∫
B(y, (1+ǫ)
√
ηs˜)
H(x, z, s)
ϕ(z)H(x, z, s)
‖ϕ(z)H(x, z, s)‖L2 (M)
dµ(z)
≥eλ(ψ(x)−ψ(y))‖ϕ(z)H(x, z, s)‖L2(B(y, (1+ǫ)√ηs˜))
≥eλ(ψ(x)−ψ(y))‖H(x, z, s)‖L2(B(y,√ηs˜)).
Considering H(x, z, s) as a function of z, from (3.10) and (3.11), we deduce
(3.12) ‖H(x, z, s)‖L2(B(y,√ηs˜)) ≤ C(1 + ηs˜)
n+2
4 (ηs˜)−
n
4 e3|λ|
√
ηs˜+λ2(1+ε)s−λ(ψ(x)−ψ(y))
By using (3.5), we have
|H(x, y, s)|2 ≤ C(1 + ηs˜)n+22 (ηs˜)−n+22∫ s
s−ηs˜
∫
B(y,
√
ηs˜)
|H(x, z, s)|2dµ(z)dν
≤ C(1 + ηs˜)n+22 (1 + ηs˜)n+22 (ηs˜)−n2 (ηs˜)−n2
e6|λ|
√
ηs˜+2λ2(1+ε)s−2λ(ψ(x)−ψ(y)) ,
i.e.,
H(x, y, s) ≤ C(1 + ηs˜)n+24 (1 + ηs˜)n+24 (ηs˜)−n4 (ηs˜)−n4
e3|λ|
√
ηs˜+λ2(1+ε)s−λ(ψ(x)−ψ(y)) .
Combining (3.3) and (3.12), we can derive
(3.13)
|∇xH(x, y, s)| ≤ C√
ηs˜
(
1
(ηs˜)
n+2
2
∫ t
s−ηs˜
∫
B(x,
√
ηs˜)
[H(y, z, ν)]2dµ(z)dν
) 1
2
≤C(1 + ηs˜)n+24 (ηs˜)−n+12 e3|λ|
√
ηs˜+λ2(1+ε)s−λ(ψ(x)−ψ(y)) .
Finally, taking ψ such that ψ(x) − ψ(y) = dist(x, y) and
λ =
dist(x, y)
2(1 + ε)s
, η =
1
10
(
1 + [dist(x, y)]
2
s
) ,
we can deduce (3.6) and (3.7). 
Denote by
G0(x, y) :=
∫ +∞
0
(
H(x, y, t)− 1
Vol(M)
)
dt
the Green function of Laplacian.
Lemma 3.4. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
there hold
(a) |G0(x, y)| ≤ C[dist(x, y)]n−2 , x, y ∈M ,
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(b) |∇xG0(x, y)| ≤ C[dist(x, y)]n−1 , x, y ∈M ,
where C is a uniform constant.
Proof. For any f0 ∈ C∞(M, R) with
∫
M
f0dµ = 0,
f(x, s) =
∫
M
(
H(x, z, s) − 1
Vol(M)
)
f0(z)dµ(z)
is the solution of heat equation (3.2) satisfying∫
M
f(x, s)dµ(x) = 0, f(x, 0) = f0(x).
From the Poincare´ inequality (2.2), we get
∂s
∫
M
[f(x, s)]2dµ(x) = −2
∫
M
|∇f(x, s)|2dµ(x) ≤ −C−1
∫
M
[f(x, s)]2dµ(x),
which implies
(3.14)
∫
M
[f(x, s)]2dµ(x) ≤ e− tC
∫
M
[f0(x)]
2dµ(x), s > 0.
Combining (3.5) and (3.14), for t ≥ 10β2, we have
[f(x, s)]2 ≤ C1
βn+2
∫ s
s−β2
∫
M
[f(z, ν)]2dµ(z)dν
≤ C1e−
s
C
∫
M
[f0(x)]
2dµ(x),
i.e.,
(3.15)
{∫
M
(
H(x, z, s)− 1
Vol(M)
)
f0(z)dµ(z)
}2
≤ C1e−
t
C
∫
M
[f0(x)]
2dµ(x),
where C1 is a uniform constant.
For s ≥ 10β2 and x fixed, taking f0(z) = H(x, z, s) − 1Vol(M) , from (3.15), we can deduce
(3.16)
∫
M
(
H(x, z, s) − 1
Vol(M)
)2
dµ(z) ≤ C1e−
s
C , s ≥ 10β2.
For x fixed, the function H(x, z, s)− 1Vol(M) of z is also the solution of heat equation (3.2). Thus,
from (3.5) and (3.16), for s ≥ 10β2, we can derive(
H(x, y, s)− 1
Vol(M)
)2
≤ C1
βn+2
∫ s
s−β2
∫
M
(
H(x, z, s) − 1
Vol(M)
)2
dµ(z)dν
≤C1e−
s
C ,
i.e.,
(3.17)
∣∣∣∣H(x, y, s)− 1Vol(M)
∣∣∣∣ ≤ C2e− sC ,
where C2 and C are uniform constants.
Noticing
G0(x, y) =
∫ 10β2
0
(
H(x, y, s)− 1
Vol(M)
)
ds+
∫ ∞
10β2
(
H(x, y, s)− 1
Vol(M)
)
ds,
by (3.6) and (3.17), we can prove Item (a).
7
Fang and Zheng Isoperimetric inequality along the twisted Ka¨hler-Ricci flow
Item (b) follows from Item (a) and (3.1). 
4. Proof of Theorem 1.2
In this section, for convenience, denote by |Ω| the volume of the set Ω with respect to the metric
g(t). For any f ∈ C∞(M, R), the Hardy-Littlewood maximal function Mf is defined by
(Mf)(x) := sup
r>0
1
|B(x, r)|
∫
B(x, r)
|f(ξ)|dµ(ξ),
and we also define
(Iαf)(x) :=
∫
M
|f(ζ)| [dist(x, ζ)]
α
|B(x,dist(x, ζ))|dµ(ζ), 0 < α < n.
First, we give a lemma about the Hardy-Littlewood maximal function as follows.
Lemma 4.1. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
for any f ∈ L1(M) and γ > 0, there holds
γ |{x|(Mf)(x) > γ}| ≤ C‖f‖L1(M),
where C depends only on κ and n.
Proof. The idea comes from [16, Chapter 3] (see also [9, 26]). For any x ∈ {x|(Mf)(x) > γ} =: Sγ ,
there exists rx such that
1
|B(x, rx)|
∫
B(x, rx)
|f(ζ)|dµ(ζ) > γ.
Obviously,
{B(x, rx)|x ∈ Sγ}
is an open covering of Sγ . For any 0 < c < |Sγ |, from measure theory (see for example The-
orem 2.40 in [16]), there exists a compact set K such that |K| > c and finitely many balls,
saying B(x1, rx1), · · · , B(xp, rxp), cover K. Let B(xi1 , rxi1 ) be the ball with the largest radius
in B(xi, rxi), let B(xi2 , rxi2 ) be the ball with the largest radius in B(xi, rxi)’s that are disjoint
from B(xi1 , rxi1 ), B(xi3 , rxi3 ) the ball with the largest radius in B(xi, rxi)’s that are disjoint
from B(xi1 , rxi1 ) and B(xi2 , rxi2 ), and so on until the list of B(xi, rxi) is exhausted. According
to the construction above, if B(xi, rxi) is not the one of the B(xij , rxij )’s, there is a j such that
B(xi, rxi) ∩ B(xij , rxij ) 6= ∅, and if j is the smallest integer with this property, the radius of
B(xi, rxi) is at most that of B(xij , rxij ). Therefore B(xi, rxi) ⊂ B(xij , 3rxij ) and then
K ⊂ ∪jB(xij , 3rxij ).
Therefore, from Item (d) and (e) in Proposition 1.1, we have
c < |K| ≤
∑
j
|B(xij , 3rxij )| ≤ 3nκ2
∑
j
|B(xij , rxij )|
≤ 3nκ2
∑
j
∫
B(xij , rxij
)
|f(ζ)|dµ(ζ)
γ
≤ 3
nκ2
γ
‖f‖L1(M).
Letting c −→ |Sγ |, we can deduce the desired conclusion. 
Next, using Lemma 4.1, we obtain
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Lemma 4.2 (see [4] for the version of the Euclidean space). Let g(t) be the solution to the twisted
Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then for any f ∈ L1(M) and δ > 0, there holds
(4.1) δ
n
n−α |{x ∈M |(Iαf)(x) > δ}| ≤ C‖f‖
n
n−α
L1(M)
, 0 < α < n,
where C depends only on κ, n and α.
Proof. Denote
(Iα,1f)(x) :=
∫
B(x, ε)
|f(ζ)| [dist(x, ζ)]
α
|B(x,dist(x, ζ))|dµ(ζ)
and
(Iα,2f)(x) :=
∫
M−B(x, ε)
|f(ζ)| [dist(x, ζ)]
α
|B(x,dist(x, ζ))|dµ(ζ).
Then for 0 < ε < diam(M), we have
(4.2)
(Iα,1f)(x) =
∞∑
k=0
∫
{2−(k+1)ε≤dist(x, ζ)<2−kε}
|f(ζ)| [dist(x, ζ)]
α
|B(x,dist(x, ζ))|dµ(ζ)
≤
∞∑
k=0
(2−kε)α
∣∣∣B(x, 2−(k+1)ε)∣∣∣−1 ∫
B(x,2−kε)
|f(ζ)|dµ(ζ)
≤C
∞∑
k=0
(2−kε)α
∣∣∣B(x, 2−kε)∣∣∣−1 ∫
B(x,2−kε)
|f(ζ)|dµ(ζ)
≤C(Mf)(x)εα,
where C depends only on κ and n.
Thus, Lemma 4.1 and (4.2) implies
|{x ∈M |(Iα,1f)(x) > δ}| ≤
∣∣∣∣
{
x ∈M |(Mf)(x) > δ
Cεα
}∣∣∣∣ ≤ Cεαδ ‖f‖L1(M),
where C depends only on κ and n.
By Item (d) and (e) in Proposition 1.1, we derive
sup
ζ∈M−B(x, ε)
[dist(x, ζ)]α
|B(x, dist(x, ζ))| ≤ κ supζ∈M−B(x, ε)
[dist(x, ζ)]α−n = κεα−n,
which implies
(4.3) (Iα,2f)(x) ≤ κεα−n‖f‖L1(M).
From (4.2) and (4.3), taking
ε =
(‖f‖L1(M)
(Mf)(x)
) 1
n
,
we have
(4.4) (Iαf)(x) ≤ C [(Mf)(x)]
n−α
n ‖f‖
α
n
L1(M)
,
where C depends only on κ and n. We remark that (Iα,2f)(x) = 0 if ε > diam(M).
Combining Lemma 4.1 and (4.4), we arrive at
|{x ∈M |(Iαf)(x) > µ}| ≤
∣∣∣{x ∈M |(Mf)(x) > µ nn−αC− nn−α ‖f‖− αn−αL1(M)}
∣∣∣
≤µ− nn−αC nn−α ‖f‖
α
n−α
L1(M)
C‖f‖L1(M),
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which implies (4.1). 
This lemma together with Lemma 3.4 implies
Lemma 4.3. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
for any µ > 0 and f ∈ C∞(M,R) with ∫
M
fdµ = 0, there holds
(4.5) δ
n
n−1 |{x ∈M ||f(x)| > δ}| ≤ C‖∇f‖
n
n−1
L1(M)
,
where C is a uniform constant.
Proof. Since ∆f = ∆f and
∫
M
fdµ = 0, by integration by parts, we have
(4.6)
f(x) =−
∫
M
G0(x, z)∆f(z)dµ(z)
=− lim
r−→0
∫
M−B(x, r)
G0(x, z)∆f(z)dµ(z)
= lim
r−→0
∫
M−B(x, r)
∇zG0(x, z)∇f(z)dµ(z)− lim
r−→0
∫
∂B(x, r)
G0(x, z)∂−→n f(z)dS(z)
=
∫
M
∇zG0(x, z)∇f(z)dµ(z),
where −→n is the inward normal vector on B(x, r), and we use Item (d) and (e) in Proposition 1.1
and the fact
|G0(x, z)| ≤ C
[dist(x, z)]n−2
.
Using Lemma 3.4, (4.6), and Item (d) and (e) in Proposition 1.1 together, we have
(4.7)
|f(x)| ≤C
∫
M
|∇f(z)|
[dist(x, z)]n−1
dµ(z)
≤C
∫
M
|∇f(z)| dist(x, z)|B(x, dist(x, z))|dµ(z)
=C(I1|∇f |)(x),
where C is a uniform constant. Thus, the lemma follows from Lemma 4.2 and (4.7). 
Using Lemma 4.3 and the arguments in [28], we can also deduce
Lemma 4.4. Let g(t) be the solution to the twisted Ka¨hler-Ricci flow (1.2) on M × [0, ∞). Then
for any f ∈ C∞(M,R), there holds
(4.8) ‖f‖
L
n
n−1 (M)
≤ C‖∇f‖L1(M) + C1 [Vol(M)]−
1
n ‖f‖L1(M),
where C is a uniform constant.
Now we can give the proof of our main theorem as follows.
Proof of Theorem 1.2. For any f ∈ C∞(M, R), from (4.8), we have
(4.9) ‖f − fM‖
L
n
n−1 (M)
≤ C‖∇f‖L1(M) + C1 [Vol(M)]−
1
n ‖f − fM‖L1(M).
By using (4.7), we get
(4.10) |f(x)− fM | ≤ C
∫
M
|∇f(z)|
[dist(x, z)]n−1
dµ(z).
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Applying the discussion in (4.2), (4.10), and Item (d) and (e) in Proposition 1.1, we can deduce
‖f(x)− fM‖L1(M) ≤ Cdiam(M)‖∇f‖L1(M),
which, by (4.9) added, implies isoperimetric inequality
‖f(x)− fM‖
L
n
n−1 (M)
≤ C‖∇f‖L1(M),
where C is a uniform constant. 
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